The purpose of this paper is to apply a quadratic directional distance function in order to validate a relative performance indicator for portfolio benchmarking analysis. Based on a daily data set generated from a sample of 43 equity mutual funds the present study compares the performance results given by a directional and two standard distance function models as well as with a traditional fund performance index for periods ranging from 6 months to 4 years. A significant difference was observed in their rankings overall time horizons. This finding implies that ignoring the diversification effect of covariances in portfolio risk reduction and the potential improvements in returns will yield a biased estimate of mutual fund performance.
Introduction
The measurement of funds' performance is receiving an increasing interest both from an applied and a theoretical perspective. Indeed, since the pioneering studies of Treynor (1965) , Sharpe (1966) and Jensen (1969) , many of indices have been introduced and empirically applied to evaluating the performance of mutual funds. However, even though these performance measures have been widely used in the assessment of fund performance, researchers have note several limitations in their application, such as the benchmark error i.e. a ranking inversion is likely to occur whenever a different benchmark is employed (Roll, 1978) . Moreover, Ornelas et al. (2009) verify that the choice of the performance measure is important for mutual fund ranking and selection.
Besides the traditional fund performance indicators, a growing body of studies has already used frontier methods as a tool for benchmarking comparisons in portfolio analysis. Based on the assumption that return is desirable while risk is to be avoided, these studies have applied non-parametric efficiency measurement techniques, most prominently Data Envelopment Analysis (DEA) (Charnes et al., 1978 ) (see, for example, McMullen and Strong, 1998; Morey and Morey, 1999; Galagedera and Silvapulle, 2002; Gregoriou, 2003; Chang, 2004) . DEA uses an endogenous benchmarking approach, avoiding problems arising from selecting an appropriate market index as a benchmark. The boundary of the attainable set of funds gives a benchmark relative to which the efficiency of a fund can be measured. Hence, this approach is not based on any theoretical model (CAPM or APM) and provides the opportunity to a fund manager or investor to appraise and rank mutual funds in a risk-return framework without using specific market indices as benchmarks.
Many studies on Greek mutual funds performance evaluation based on traditional fund performance measures have been undertaken. See for example Handjinicolaou (1980) , Milonas (1999) , Philippas (1999) , Sorros (2003) , Artikis (2004) , etc. Moreover, Pendaraki et al. (2003 Pendaraki et al. ( , 2005 and Babalos et al. (2012a Babalos et al. ( , 2012b evaluate Greek mutual fund performance through multi-criteria analysis, while Pendaraki and Spanoudakis (2012) through argumentation-based decision making theory. However, studies on Greek mutual fund performance benchmarking using DEA are few (see, for example, Alexakis and Tsolas, 2011; Babalos et al., 2012a; Babalos et al., 2012b; Pendaraki, 2012) . Most of them apply a standard DEA approach for estimating efficiency; an input-oriented with variable returns to scale DEA version (DEA-BCC: Banker et al., 1984) .
Rather than focusing on standard DEA performance measures, in the present study, we employ the directional distance function to estimate fund efficiency. More specifically this work applies a variation of the directional distance function, adopted for portfolio selection by Briec et al. (2004) . Unlike the traditional DEA models that optimise solely either in a return augmentation or in a risk contraction orientation, the directional distance function simultaneously optimise in both orientations as much as it is technologically feasible. Moreover, in order to be in line with Markowitz (1952 Markowitz ( , 1959 portfolio concept, a quadratic risk term (variance of returns) is used. Finally, we compare the directional efficiency indicator with two standard BCC-DEA models and a traditional fund performance indicator, i.e. Information Ratio (IR). As far as we know, this is the first work of its kind.
The rest of the paper is organised as follows. Section two gives some useful notation in portfolio selection while section three describes the distance models employed. Section four describes both the data set and the results obtained. Finally, section 5 concludes the paper.
2 Efficient frontier and portfolio selection Markowitz (1952 Markowitz ( , 1956 ) developed his portfolio-selection technique, as a mean-variance model where the expected returns and the co-variances of the returns of all involved assets are taken into account for the location of the optimal portfolios.
In order to introduce main ideas of the portfolio selection problem, let us consider a given portfolio of n risky financial assets or funds constructed on the basis of a weight vector w = (w 1 ,w 2 ,…,w n ) with portfolio return is the weighted average return of the funds included in the portfolio, while its variance is equal to the weighted average covariance of the returns on its individual funds.
We compute the expected portfolio returns as follows: 
where µ ≥ 0 and ρ ≥ 0 are risk parameters. The ratio ρ/µ  [0, +∞] represents the degree of absolute risk aversion. In the case where we set µ = 0 and ρ = 1 we minimise only the variance-covariance matrix of the return of portfolio. Although recent studies propose more complex decision models (see for example , Hallerbach et. al., 2004; Bollen 2007; Xidonas et al., 2012 ), Markowitz's mean-variance model is a widely used portfolio selection model.
Distance functions in portfolio construction

Standard data envelopment analysis model
The classical Debreu-Farrell input distance functions have proven useful tools to derive efficiency measures for mutual fund performance benchmarking through various applications of DEA (Charnes et al., 1978) models. Quite frequently, portfolio efficiency studies apply the standard BCC extension (Banker et al., 1984) of the first DEA formulation. Input orientation of the BCC-DEA variant, whose objective is to minimise the risks while returns are kept at least at their current levels, is employed in order to handle potentially negative returns of portfolios through the translation invariant property towards outputs, of this model. The input BCC portfolio efficiency measure can be calculated by the following program.
  
The θ* is a scalar and represents the input-oriented efficiency score of the fund under evaluation. By construction the value of θ lies in the interval (0, 1]. A fund is efficient if θ* = 1; otherwise it is inefficient. One quadratic program is solved for each fund to assess its performance. The left hand sides in the constraints define a composite efficient portfolio which is the benchmark for the inefficient fund under evaluation. The scalars in the right-hand sides are the risk and the return of the fund under evaluation. Thus the output constraint fixes the return level of the efficient portfolio in order to be the same as that of the fund under evaluation. The theta is a multiplier that indicates the distance from the efficient frontier. For the inefficient funds, a projection point into the efficient frontier is defined. The distance between the evaluated fund and its projection point is the efficiency measure.
Directional distance function model
Directional distance function (see Chambers et al., 1998) extended the usual notions of input and output distance functions. It measures the distance to the production frontier in some pre-assigned input-output direction given by a vector. As a result, this function is more flexible than the traditional partial orientation since it permits outputs to increase and inputs decreasing, simultaneously. Additionally, this directional distance function nests the Debreu-Farrell input and output efficiency measures as special cases. Moreover, as an additive measure of efficiency, it is not restricted to non-negative input and output quantities.
To measure portfolio efficiency, Briec et al. (2004) introduced a variation of the directional distance function that evaluates the performance of portfolios by measuring the distance between a portfolio and an optimal portfolio projection on the Markowitz efficient frontier. Under portfolio context, when risk is approximated with the variance of expected returns, this efficiency distance function may be calculated from the following program.
where g is a vector defining the direction of optimisation. By construction, the value of δ lies in the half open interval [0, ∞]. A fund is efficient if δ* = 0; otherwise it is inefficient. Efficiency estimation depends on the choice of the directional vector. Several directions can be considered. One practical choice includes the unit vector, which implies that all observations will be evaluated in the same direction. When we choose the direction vector to be g = (−g V , g E ), i.e. the same value as the observed input/output bundle, the directional distance functions measure the maximum proportional increase of expected returns simultaneously to a reduction of risks. One quadratic program is solved for each fund in order to assess its performance. For more details of the basic properties about this function see Briec et al. (2004) .
Empirical study
Data set
In 2007, global financial markets were plunged into major turmoil. The uncertainty caused by the rapid international expansion of the financial crisis had a negative impact on all business sectors. The Greek economy has entered a recession since 2009 as a result of the global financial crisis and the following sovereign debt crisis. The economic crisis had also adverse effects on the Greek capital market. Under these unstable conditions, where the Greek market has been characterised by major fluctuations, a decrease in stock market prices and continuous inflows and outflows of liquidity in mutual funds placements, we question the usefulness of a market index for benchmarking purposes. Furthermore, in the case that an investor is based upon unstable historical data for current and future fund's performance predictions it seems to us better to choose short estimation periods for the evaluation of a fund's historic performance. Although by going back further in time we get the advantage of having more observations in our analysis, this could be offset by the fact that under high unstable market conditions funds might have dramatically changed their basic characteristics due to mergers, acquisitions or other changes in their investment objectives.
The sample used in the present study is collected from the Hellenic Fund & Asset Management Association. It consists of daily net asset value data of 43 domestic equity mutual funds over a time period running from January 2007 to December 2010. A total of 42,957observations (43 funds × 999 daily data for the 4 year time horizon 4yrs) is generated and it is being restricted to only observations with non-missing values. For sensitivity analysis four more time horizons were examined spanning from 6 months (6mns), 1 year (1yr), 2 years (2yrs) and 3 years (3yrs) back from December 2010). For each of the 43 funds, we have calculated and annualise their Continuous Compounding (cc) daily returns and their covariance's matrices and variances with daily returns. Table 1 reports some useful descriptive statistics of the two variables used in the analysis. The examined period contains both bull and bear market sub-periods due to the global financial crisis, that has been ongoing since 2007, and 2010 Greek sovereign crisis. Thus, negative returns and high dispersion of them are presented in all time horizons. 
Portfolio efficiency results
We compute the portfolio inefficiencies over the 5 time horizons using the directional distance function (3). Note that most returns are negative in the examined period. In order to overcome this problem, we followed the work of Kerstens and Van de Woestyne (2011) . More precisely, we take the direction vector to be g = (−g V , |g E |), i.e. the same value as the observed variance and the absolute values of the observed returns. Their values and rankings are reported in Table 2 . The directional distance function value serves as a measure of inefficiency for each fund with a zero value indicating his operation on the frontier in a given time horizon. Since we choose the direction Different results of the directional distance function are due to the variety of the employed time horizons of analysis that are characterised by different market conditions. Therefore we produce an overall accumulative ranking for each fund using the sum of its ranks over the examined periods. We note that the ranking is made in a descending order.
The results of 4-year time horizon are graphically presented in Figure 1 . We plot the funds' return and risk of the sample, their projections onto the portfolio frontier using the directional distance function and the points on the frontier of the Optimum (OPT) and the global Minimum Variance Portfolio (MVP) with risk parameters for a risk averse investor (μ = 1 and ρ = 2). Briec et al. (2004) have shown through duality theory the coincidence of the Markowitz and the directional distance function efficient frontier. The advantages of this optimisation approach become more obvious through this graphical representation. Moreover, directional distance function does not require the complete estimation of the efficient frontier but exposes the Markowitz efficient frontier by a nonparametric envelopment method, while its efficiency measure may be used for performance ranking. 
Directional distance function vs. BCC-DEA
Next, we proceed to the comparison of the directional distance function with BCC-DEA results, as calculated by program (2).We use two risk specifications for BCC-DEA; in the quadratic version we use the variance while in the linear version we use volatility i.e. the standard deviation of returns, as risk measure. Furthermore, in order to satisfy the nonnegative requirement of DEA on the returns used, we normalise returns through the addition of a constant. We also note, that for presentation purposes we report their inefficiencies calculated as: (.) (.)
. The levels of inefficiency, by fund, DEA model and time horizon, are provided in Appendix in Table A1 .We see some differences between the three models, over all time horizons. For example, comparing the linear with the quadratic directional distance function model we notice that both the number of efficient funds and the average efficiency are decreasing significantly.
To examine these differences we use the non-parametric Wilcoxon test since we do not wish to assume that the differences between the two variables of each pair are normally distributed. We report the test statistics and the corresponding p-values of each test in Appendix (Tables A2 and A3 ).The results suggest that there are statistical significant differences in the rankings of quadratic BCC and linear BCC with quadratic directional distance inefficiencies, over all time horizons. This finding implies that ignoring the diversification effect of co-variances in portfolio risk contraction using the linear version of risk i.e. standard deviation, will yield a biased estimate of mutual fund performance. Furthermore, the same conclusion stands when performance benchmarking neglects the potential improvements in returns and it is solely focused in risk contraction using a traditional DEA input contraction version.
Directional distance function vs. information ratio
for portfolio construction Sharpe (1994) presents the information ratio as a generalisation of his ratio as it uses a more relevant benchmark than the Treasury bill. We compute the information ratio as the ratio of portfolio returns above the returns of the ASE index to the volatility of those returns. It is used in this study to test the validity of the proposed approach. Firstly, we compare directional distance rankings with those of IR. We use the Spearman's rho correlation test statistic that is a Pearson correlation coefficient computed on the performance data after converting them to ranks. As we have already mentioned previously, the rankings of directional distance inefficiency indicators have been calculated using their inverse values in order to be consistent with the IR concept i.e. the higher the better. Table A4 in Appendix shows the matrix of rank correlation coefficients for the two performance indicators along with their p-values, across all 5 time horizons. There exists a statistically significant, strong positive association between the two performance indicators used, for 1, 3 and 4 years horizons although there is no significant correlation between the two performance indicators for 6 months and 2 years time horizons. These results are consistent with Murthi et al. (1997) findings, which they showed that standard DEA efficiency measures of US mutual funds are positively correlated with Jensens' alpha and Sharpe index. On contrary Daraio and Simar (2006) results based on nonparametric and robust performance measures (DEA, FDH, order-m) of US mutual funds, are weakly correlated with the same traditional indicators.
Secondly, we compare the performance of portfolios constructed from the ten best funds according to Directional Distance Ratings (DIR) with those constructed from the ten most promising funds according to the IR, using Equal Weighing (NAÏVE), Optimum (OPTP) and MVP models, for all 5 time horizons under consideration. The resulting portfolio performance measures (portfolio risk and return) are reported in Table 3 while the same results in a more detailed form are presented in Appendix (Tables  A5-A9) . Table 3 Portfolio performance construction based on individual fund selection criterion As far as portfolio risk is concerned, across all time horizons and for the three types of portfolios, the resulting DIR-based portfolios are less risky. In contrasts, IR-based constructed portfolios present, with some notable exceptions, better returns expressed as fewer losses. As far as the type of portfolio is concerned, DIR-based naïve portfolios present better performance for both performance dimensions in 1, 3 and 4 years time horizons in comparison to IR-based naïve portfolios. In comparison to IR-based optimal portfolios, DIR-based optimal portfolios present better results for both performance dimensions in 2 and 3 years time horizons. Finally, in general, minimum variance IR-based portfolios have better returns since they present fewer losses while DIR-based mean variance portfolios constantly have lower risks.
Top ten DIR-based criterion Top ten IR-based criterion
Moreover, according to the detailed results presented in Appendix (Tables A5-A9) , we concluded that more diversified portfolios are built through the DIR-based approach compared to the IR-based approach. Indeed, in IR-based optimum portfolios, in 3 out of 5 time horizons there is only one contributor with an aggregated weight of 100, while in DIR-based optimum portfolios this happen twice. Additionally, three contributors are met in one case of IR-based optimum portfolios, while the same happens in 2 time horizons of DIR-based optimum portfolios.
Conclusions
The purpose of the present study has been to apply a general method for measuring the efficiency of mutual funds portfolios. Portfolios are ranked by simultaneously looking for risk contraction and mean return augmentation using a quadratic directional distance function framework.
We analyse the differences between the outcomes of rankings based on directional distance function performance indicator and rankings based on two DEA models; the quadratic BCC input and the linear BCC input oriented DEA versions. Moreover, we demonstrate the differences in the obtained portfolio performance results using the directional distance function performance indicator and the information ratio. According to the obtained results portfolios based on the DIR ranking are less risky. This finding could be useful for managers of mutual funds and financial investors, as in decreasing markets investors become more risk averse and seek safer investments in their holdings replacements.
The motivation of the present approach is straightforward. Each mutual fund is evaluated relative to an endogenously created benchmark and it takes into account the diversification effects as measured by the variance of funds returns and the correlations between the mutual funds' returns and other funds returns. Additionally, this method is more flexible as it permits returns to increase and risk to decrease, simultaneously. Finally it was proved that a biased estimate of mutual fund performance results when a standard DEA approach is followed for portfolio selection. Hence directional distancebased performance evaluation can provide a different insight into the subject of nonparametric performance assessment of mutual funds. 
